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Supersymmetry of Green-Schwarz superstring and matrix string theory

Seungjoon Hyun* and Hyeonjoon Shin†

School of Physics, Korea Institute for Advanced Study, Seoul 130-012, Korea
~Received 18 April 2001; published 23 July 2001!

We study the dynamics of a Green-Schwarz superstring on the gravitational wave background corresponding
to the matrix string theory and the supersymmetry transformation rules of the superstring. The dynamics is
obtained in the light-cone formulation and is shown to agree with that derived from matrix string theory. The
supersymmetry structure has corrections due to the effect of the background and is identified with that of the
low-energy one-loop effective action of matrix string theory in a two superstring background in the weak string
coupling limit.
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I. INTRODUCTION

In the context of matrix theory, the 11-dimensional
theory in the infinite momentum frame@1# or the discrete
light-cone quantized~DLCQ! M theory @2# is described
nonperturbatively by the supersymmetric quantu
mechanical system with 16 supersymmetries. Upon toro
compactification, the DLCQ M theory on ap torus with p
<3, has a description in terms of (p11)-dimensional supe
Yang-Mills ~SYM! theory on a dualp torus @3#. In the dual
supergravity description, they can be described by M or
perstring theory on the appropriate supergravity backgrou
For the DLCQ M theory, we thus have two description
the SYM theory and the supergravity theory. On the sup
gravity side, the process of having the DLCQ M theory a
its compactified theory on ap torus, leads us to the supe
gravity or superstring theories in certain backgrounds,
shown in Ref.@4#.

For the uncompactified case, it has been shown
the leading-order dynamics from the low-energy effect
action of matrix theory, agrees well with that of the classi
supergravity. ~For a review, see, for example, Ref.@5#
and references therein.! This remarkable agreement b
tween these two descriptions is basically due to the
that we have enough supersymmetry, 16 supersymme
@6#. Though it is true that the supersymmetry alone do
not give all possible dynamics of the theory, this lea
us to consider an issue about to what extent the su
symmetry restricts the dynamics. Concerning this iss
one of the present authors@7# has considered the matri
theory in the supergravity side and obtained the sup
symmetry transformations rules for the 11-dime
sional supergraviton on the liftedD0-brane background
which correspond to those of the low-energy one-loop eff
tive action of matrix theory for two supergravito
background.

In this paper, we are concerned about the matrix str
theory. We study the dynamics of superstring, which is

*Electronic mail: hyun@kias.re.kr
†Electronic mail: hshin@kias.re.kr
0556-2821/2001/64~4!/046008~13!/$20.00 64 0460
-
al

-
d.
:
r-
d

s

at

l

ct
ies
s
s
r-

e,

r-
-

-

g
e

parton of the theory, and the supersymmetry in the sup
gravity side. The resulting dynamics will be compared w
that from the matrix string theory@8#, which is the SYM
description of DLCQ M theory on a circle.

Since the background corresponding to the matrix str
theory is curved, as noted above, we need the supers
action in a Type IIA supergravity background for our pu
pose. The superstring action should be of Green-Schw
~GS! type because the matrix string theory is the free
light-cone superstring at its conformal point. The desired
tion, expanded up to quadratic order in terms of the antico
muting coordinates, has been reported in Ref.@9#, which will
be presented in Sec. II. In consistency checks of it, wh
have not been done in Ref.@9#, we will show that it is su-
persymmetric and invariant under thek-symmetry transfor-
mation.

The other sections are organized as follows. In Sec.
we study the dynamics of superstring in the backgrou
corresponding to the matrix string theory and compare
results with those from the matrix string theory. The ligh
cone gauge is natural for our purpose, and the phase-s
approach of Ref.@10# is adopted for the light-cone formula
tion of superstring. We would like to note that, in a rece
work @11#, the phase-space approach also has been wel
plied in the program of quantizing the GS superstring
AdS53S5 @12#. In Sec. IV, we investigate the supersymmet
transformations rules, which have corrections due to the
fect of the background and the supersymmetry algebra.
identification of the supersymmetry structure with that of t
matrix string theory effective action for two superstrin
backgrounds, is discussed. Finally, a discussion follows
Sec. V.

II. GREEN-SCHWARZ SUPERSTRING ACTION

In this section, we review the ten-dimensional Type I
GS superstring action in the bosonic supergravity ba
grounds constructed in Ref.@9#, with the aim of fixing our
notations and for the self-containedness, and investigatin
symmetries: supersymmetry andk symmetry.
©2001 The American Physical Society08-1
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We begin with the superstring action embedded in
ten-dimensional target superspace:1

S5
1

2pa8
E d2sS 2

1

2
A2ggmnPm

r Pn
sh rs

1
1

2!
emnPm

APn
BBBAD , ~2.1!

where gmn is the string worldsheet metric, andh rs is the
ten-dimensional flat target space-time metric.Pm

A is the pull-
back of the super zehnbeinEM

A onto the string worldsheet
with the expression

Pm
A5]mZMEM

A , ~2.2!

andBAB is the second-rank antisymmetric tensor superfie
ZM are the supercoordinates of the target superspace an
denoted byZM5(Xm,ua), whereua are the anticommuting
coordinates, the 32 component Majorana spinor.~Although,
using theG11 matrix, the ten-dimensional chirality operato
we can splitu into two Majorana-Weyl spinors with opposit
chiralities with 16 independent components, we will keepu
to be Majorana for a while.!

The action~2.1! is the one expressed in the context
superfield formalism. For practical applications, it is le
useful in its form and should be expanded in terms of a
commuting coordinatesu. The expansion coefficients an
the component fields, are the functions of the te
dimensional Type IIA supergravity fields. However, the co
ponent field expansion is a formidable task basically beca
of many supergravity fields: five kinds of fields even in t
bosonic sector. An easy way for obtaining the expansio
given by the fact@13# that the ten-dimensional Type IIA GS
superstring is related to the 11-dimensional supermemb
@14# through the double dimensional Kaluza-Klein reductio
Using this fact, the authors of Ref.@9# have constructed the
Type IIA GS superstring action in the bosonic Type IIA s
pergravity background starting from the supermembrane
tion expanded up to the quadratic order inu @15#. Though the
action is not a fully expanded one and has couplings only
the bosonic backgrounds, it is enough and suitable for
purpose.

Before presenting the action, we give the component
pansion of the pullback of the super zehnbein up tou2 order,
which will be used in the discussion of symmetries and in
later sections. Following the double dimensional Kaluz

1The index notations adopted here are as follows:M ,N, . . . are
used for the target superspace indices, whileA,B, . . . areused for
the tangent superspace. As usual, a superspace index is the co
sition of two types of indices such asM5(m,a) and A5(r ,a).
m,n, . . . (r ,s, . . . ) are theten-dimensional target~tangent! space-
time indices taking values in 0,1, . . . ,9. a,b, . . . (a,b, . . . ) are
the ten-dimensional~tangent! spinor indices with values in
1,2, . . .,32. m,n, . . . are the worldsheet vector indices with value
t ands. The convention for the worldsheet antisymmetric tenso
taken to beets51.
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Klein reduction, we can obtain, from the expansion of su
elfbein @15# with vanishing fermionic backgrounds,2 the fol-
lowing expansion of the pullback of super zehnbein:3

Pm
r 5]mXmem

r1 i ūG r]mu1 i ]mXm~ ūG rVmu!

1
i

2
]mXmem

r~ ūG11V11u!1O~u4!, ~2.3!

where we have defined

Vm5 1
4 vm

rsG rs1 1
6 G rse

n[ rem
s]]nf1 1

4 GnG11efFmn

1Tm
nrsG11Hnrs1Tm

nrskefFnrsk8 ,

V1152 1
3 GmG11]mf2 1

8 GmnefFmn

1 1
288~8GmnrHmnr1G11G

mnrsefFmnrs8 !. ~2.4!

Hereem
r is the zehnbein,vm

rs the spin connection, andf the
dilaton. Hmnr is the field strength of the Neveu-Schwarz
Neveu-Schwarz~NS-NS! antisymmetric second-rank tenso
Bmn field. Fmn and Fmnrs are the field strengths of th
Ramond-Ramond (R-R) fields Am and Amnr related toD
branes. The field strengthFrstu8 is the modified gauge invari
ant four-form field strength defined by

Fmnrs8 5Fmnrs14A[mHnrs] .

G r are the ten-dimensional Dirac gamma matrices and
following tensor structures have been defined in Eq.~2.4!:

Tm
nrsl[ 1

288~Gm
nrsk28dm

[nGrsk] !,

Tm
nrs[ 1

72 ~Gm
nrs26dm

[nGrs] !,

where Gmn . . . is the totally antisymmetric products of th
Dirac gamma matrices.

In writing the Type IIA GS superstring action constructe
in Ref. @9#, we split Majorana spinoru into two Majorana-
Weyl spinors with opposite chiralities,u1 and u2, by using
the gamma matrixG11. We assign positive chirality tou1 and
negative chirality tou2;

G11u15u1, G11u252u2. ~2.5!

Then the Type IIA GS superstring actionS in nontrivial
bosonic supergravity backgrounds, expanded up to the q
dratic order in the anticommuting coordinates, is

S5Skin1SWZ , ~2.6!

where Skin and SWZ are the kinetic and the Wess-Zumin
~WZ! part, respectively. Their expressions are as follows
po-

s

2For the vanishing fermionic backgrounds as in this paper,
order of u increases by two for all quantities having expansion
terms ofu; if the leading-order term is of the even~odd! order inu,
all the higher-order terms are of the even~odd! order inu.

3In our convention,ū5uTG0.
8-2



st

gs

r-
d

es
lik

iv
th
di

ity

e
of

l

cting
e

d

s-

at

ce
-
k
ote
-

the

rdi-

have
-
n-

ns-

re-

lid

ell
iant

s
etry
the
if-

ring

SUPERSYMMETRY OF GREEN-SCHWARZ SUPERSTRING . . . PHYSICAL REVIEW D64 046008
Skin52
1

4pa8
E d2sA2ggmn~]mXm1 i ū IGm]mu I !~]nXn

1 i ūJGn]nuJ!Gmn2
i

4pa8
E d2sA2ggmn]mXm]nXn

3F1

2
~ ū IGmrsu

I !vn
rs2

1

4
sIJ~ ū IGm

rsuJ!Hnrs

1
1

4
~ ū1Grsu2!efFrsGmn2~ ū1Gm

r u2!efFnr

1
1

48
~ ū1Grsklu2!efFrskl8 Gmn

2
1

6
~ ū1Gm

rsku2!efFnrsk8 1O~u4!G , ~2.7!

whereGmn is the target space-time metric,I ,J51,2, andsIJ

is defined as

s1152s2251, s125s2150,

and

SWZ52
i

2pa8
E d2semnsIJS ]mXm1

i

2
ūKGm]muKD

3~ ū IGm]nuJ!2
1

4pa8
E d2semn]mXm]nXn

3FBmn1
i

2
sIJ~ ū IGmrsu

J!vn
rs2

i

4
~ ū IGm

rsu I !Hnrs

1
i

2
~ ū1u2!efFmn1

i

4
~ ū1Gmn

rsu2!efFrs

1
i

4
~ ū1Grsu2!efFmnrs8 1

i

48
~ ū1Gmn

rsklu2!

3efFrskl8 1O~u4!G . ~2.8!

There are several notable features in these actions. Fir
all, as expected, we have explicitef coupling in the linear
terms in theR-R fields, Am andAmnr , which was first sug-
gested by Tseytlin@16#. Furthermore, as fundamental strin
are neutral underR-R fields, it is natural to couple withR-R
fields, if any, via their field strength. In particular, conside
ing these actions as describing the interactions of the fun
mental string with the background supergravity fields, th
couplings have a natural interpretation as a spin-orbit
coupling with backgroundR-R fields and imply that the fun-
damental string has dipole interactions withR-R fields. In-
deed the interactions with the Lorentz spin connection g
the genuine spin-orbit coupling between the string and
gravitational backgrounds and has been extensively stu
with regard to the matrix theory@6,17–20#.
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Note also that, at the linearized level in the supergrav
fields Bmn , Am , Amnr , gmn , and w, where Gmn5hmn

1gmn and f5f`1w, the action can be thought of as th
sum of free string action and vertex operators for emission
bosonic supergravity fields.4 In this sense it is very natura
that the vertex operators forR-R fields starts withu2 order,
as there are target space-time supersymmetries conne
the NS sector andR sector. Schematically, under space-tim
supersymmetry transformations in their leading order inu,
the vertex operatorsVNS-NS and VR-R corresponding to the
fields in the NS-NS andR-R sectors, respectively, shoul
satisfy

dBVNS-NS1dFVR-R50,

where subscriptsB and F denote the supersymmetry tran
formation of bosonic coordinateXm and fermionic coordi-
nateu, respectively. In the following section, we will see th
this is indeed the case.

A. Local supersymmetry

In this and the next section, we investigate the invarian
of the superstring actionS, Eq. ~2.6!, under the supersymme
try and k-symmetry transformation in order to chec
whether or not the action was correctly expanded. We n
that, for the simplicity of presentation, we will not split Ma
jorana spinors (u,h,k) into Majorana-Weyl spinors.

The local supersymmetry, super diffeomorphism, is
local change of supercoordinates (dhXm,dhua). Since its pa-
rameters are superfields, the transformations of supercoo
nates have component expansion in terms ofu. In the 11-
dimensional case, the expansions of the parameters
been given in Ref.@15#. With the vanishing fermionic back
grounds, the Kaluza-Klein reduction of them to ten dime
sions leads to

dhXm5 i ūGmh1O~u3!,

dhu5h1O~u2!. ~2.9!

The terms on the right-hand sides are enough for the tra
formation of the superstring action expanded up tou2 order,
since higher-order corrections in the transformation rules
quire terms of higher order thanu2 order in the action. Fur-
thermore, the supersymmetry variation of the action is va
up to the linear order inu, because the transformationdhXm

acting on the terms ofu2 order, requires theu3 order terms in
the action.

The superstring action contains background fields as w
as supercoordinates. Thus the action is in fact not invar
with only the above transformations, Eq.~2.9!. As noted by
the authors of Ref.@15#, the invariance of the action mean
that the super diffeomorphism induces the supersymm
transformations of the background fields. In other words,
action is supersymmetric if its variation under the super d

4Recent construction of vertex operators in the GS superst
theory is given in Refs.@21,22#.
8-3
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SEUNGJOON HYUN AND HYEONJOON SHIN PHYSICAL REVIEW D64 046008
feomorphism vanishes modulo supersymmetry transfor
tions of the background fields. This fact requires us to h
the supersymmetry transformation rules for the backgro
fields. What we need are rules for fermion background fie
because the transformation rules of bosonic fields lead
fermionic fields, which are turned off in this paper. Fermi
fields in ten-dimensional supergravity are the gravitinocm
and the dilatino,l, which are Majorana fermions and sp
into two Majorana-Weyl fermions with opposite chiralitie
cm

1,2 andl1,2, respectively. We note that their transformati
rules are to be written in the string frame, since the obj
affected by the backgrounds is the string. Under the su
symmetry variation, the gravitino transforms as

dhcm5Dm~v!h2 1
8 G rGshem

r ens]nf2 1
64 em

r

3~G rst214h rsG t!G
11hefFst1 1

96 em
r

3~G r
stu29d r

sG tu!G11hHstu1
1

768em
r

3~3G r
stuv220d r

sG tuv!hefFstuv8 , ~2.10!

where the Lorentz covariant derivativeDm(v), is given by
Dm(v)5]m1 1

4 vm
rsG rs . As for the dilatino field, the super

symmetry transformation rule is

dhl52
1

2A2
G rG11her

n]nf2
3

16A2
G rshefFrs

1
1

24A2
G rsthHrst1

1

192A2
G rstuG11hefFrstu8 .

~2.11!

These transformation rules are those with the vanishing
mion backgrounds. In the study of supergravity, the trans
mation rules are usually written in the Einstein frame@23#,
which can be obtained from the above transformation ru
by a suitable rescaling of fields and supersymmetry par
eter. The resulting transformation rules are the same as a
except for the absence of the term involving the derivative
the dilaton in Eq.~2.10! and some change in powers of th
dilaton factor.

For the supersymmetry variation of the kinetic term, E
~2.7!, it is enough to consider the variation of the pullback
superzehnbein under the super diffeomorphism, Eq.~2.9!. A
straightforward calculation shows that

dhPm
r 5 i ]mXmS 2ūG rdhcm1

1

A2
em

r ūG11dhl D
2Ls

rPm
s 1O~u3!, ~2.12!

whereLs
r is the local Lorentz transformation parameter a

sociated with the super diffeomorphism and is precis
given by
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L rs5 i ~ ūGmh!vm
rs2

1

3
i ū~G rsG t2G rst!het

m]mf

1
1

3A2
i ūG rsG11dhl2

1

2
i ~ ūG11h!efFrs

1
1

36
i ū~G rstuvG11Htuv112G tG11H

rst!h

1
1

144
i ū~G rstuvwefFtuvw8 124G tuefF8rstu!h1O~u3!.

~2.13!

Though it has a slightly complicated expression,Ls
r does not

enter into the variation of the kinetic part, since two super
hnbeins enter into the kinetic part symmetrically. We no
see the supersymmetry transformations of fermion ba
grounds,dhcm anddhl, which have been identified on th
right-hand sides of Eqs.~2.10! and~2.11! at the final stage of
deriving Eqs.~2.12! and~2.13!. However, this does not con
clude that the component expansion of the pullback of
perzehnbein or the kinetic part has been obtained corre
since the expansion has been given with the vanishing
mion backgrounds. Thus, we turn on the fermion ba
grounds temporarily and investigate how they appear in
superzehnbein. What we should be concerned about are
linear order terms inu, which can be seen by looking at th
superelfbein expanded in Ref.@15#. The corresponding term
in the expansion of the superelfbein is 2i ūG r̂ ĉm̂ , whereĉ is
the 11-dimensional gravitino, andr̂ and m̂ are the 11-
dimensional flat and curved indices, respectively. T
Kaluza-Klein dimensional reduction of it can be done in t
usual manner,5 and leads to

2i ūG rcm1
i

A2
ūG11lem

r 2
i

3A2
ūGm

r G11l. ~2.14!

We see that the supersymmetry variation of the ferm
backgrounds in this result exactly matches with the ter
appearing in Eqs.~2.12! and ~2.13!. This concludes that the
kinetic term of the superstring action has the correct com
nent expansion and is consistent with the local supersym
try.

We now turn to the supersymmetry variation of the W
term, Eq. ~2.8!. After the same type of calculations wit
those for the kinetic term, it is given by

5Through the Kaluza-Klein reduction, the 11-dimensional gra
itino is related to the 10-dimensional gravitinocm , the dilatinol,

and the dilatonf as follows: ĉm5e2f/6(cm2(A2/12)GmG11l),

ĉ115(2A2/3)e5f/6l. Here the ten-dimensional quantities are tho
in the string frame.
8-4
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SUPERSYMMETRY OF GREEN-SCHWARZ SUPERSTRING . . . PHYSICAL REVIEW D64 046008
dhS 1

2!
emnPm

APn
BBBAD

52 i emn]mXm]nXnS 2ūG11Gndhcm1
1

A2
ūGnmdhl D

1]mSm1O~u3!, ~2.15!

where]mSm is a surface term, which can be ignored since
are concerned about the closed string. This is the des
result. However, as in the case of the kinetic term, we nee
know the terms of linear order inu containing the fermion
backgrounds in order to check the supersymmetry of the
term. The 11-dimensional term relevant to them comes fr
the component expansion of the third-rank tensor superfi
and is given by26i ūG [11̃mĉn] @15#. Through the dimen-
sional reduction, it reduces to

24i ūG11G [mcn]2A2i ūGmnl. ~2.16!

Obviously, the supersymmetry variation of this exac
matches with the terms of Eq.~2.15!. This tells us that the
WZ term of the superstring action as well as the kinetic te
has the correct component expansion and is consistent
the local supersymmetry.

We have seen that each term of the superstring ac
transforms properly under the supersymmetry transfor
tion, and has the consistent and correct component ex
sion.

B. k symmetry

As another consistency check, we now consider the
variance of the superstring action, Eq.~2.6!, under thek
transformation. The investigation of thek symmetry will
give us the confirmation on the correctness of the rela
coefficient between the kinetic and the WZ part.

For the k symmetry, it is convenient to work with th
superstring action with Nambu-Goto type rather than
Polyakov type action, Eq.~2.1!, which avoids the complexity
due to the variation of the worldsheet metricgmn. The
Nambu-Goto-type action is obtained by solving the class
equation of motion forgmn and putting the result back int
the action Eq.~2.1!, and is as follows:

SNG5
1

2pa8
E d2sS 2A2g1

1

2!
e i j P i

AP j
BBBAD ,

~2.17!

whereg is the determinant of the induced metricgmn given
by

gmn5Pm
r Pn

sh rs . ~2.18!

We notice that thek transformation rules also have
component expansion in terms ofu. As in the case of super
symmetry, however, only the leading-order terms in the
pansion are needed to show that the superstring action,
structed up tou2 order, isk symmetric:
04600
e
ed
to

Z
m
d,
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n
a-
n-

-

e

e

l

-
n-

dkXm5 i k̄1Gmu1O~u3!,

dkua5k1
a 1O~u2!, ~2.19!

where we have defined

k15~11GG11!k. ~2.20!

The matrixG is given by

G5
1

2A2g
emnPm

r Pn
sG rGs5

1

2A2g
emnGmGn ,

~2.21!

where Gm are the pullback onto the worldvolume of th
space-time Dirac gamma matrices:

Gm5Pm
r G r . ~2.22!

G has the properties such as projection operator and antic
mutes with the pulled back gamma matricesGm :

G251, TrG50,

GGm52GmG52
1

A2g
emnGn . ~2.23!

Under thek transformations, Eq.~2.19!, the pullback of
the superzehnbein transforms as

dkP i
r52i k̄1G r] iu1 iP i

s~2k̄1G rṼsu1k̄1G11Ṽ11uds
r !

1Ms
rP i

s1O~u3!, ~2.24!

where Ṽs(Ṽ11) is Vs(V11) in Eq. ~2.4! without terms in-
volving the derivatives of dilatonf. Ms

r is an antisymmetric
matrix just like the Lorentz transformation parameterLs

r in
Eq. ~2.12!, whose detailed from is not necessary becaus
does not give any contribution to the variation of the sup
string action. Thek transformation of the kinetic term of th
Nambu-Goto type is then

dkSkin52
i

2pa8
E d2sA2ggmn@2Pm

r k̄1G r]nu

1Pm
r Pn

s~2k̄1G rṼsu1h rsk̄1G11Ṽ11u!1O~u3!#.

~2.25!

For the WZ term, we have the followingk transformation:

dkSWZ5
i

2pa8
E d2semn@22Pm

r k̄1G rG
11]nu

1Pm
r Pn

s~2k̄1G11G rṼsu1k̄1G rsṼ11u!1O~u3!#.

~2.26!
8-5
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With these transformations, and by using some propertie
the matrixG, Eq. ~2.23!, we can now show that the Nambu
Goto type string action, Eq.~2.17!, is k symmetric up to the
quadratic order inu:

dkSNG52
i

pa8
E d2sA2gk̄1~12GG11!~Gm]m1GmṼm

1G11Ṽ11!u1O~u3!501O~u3!, ~2.27!

wherek̄15k̄(11GG11) and (11GG11)(12GG11)50 have
been used.

III. GS SUPERSTRING ON THE GRAVITATIONAL WAVE
BACKGROUND

In this section, by using the superstring action Eq.~2.6!
presented in the previous section, we study the dynamic
the superstring on the gravitational wave background co
sponding to the matrix string theory. From the matrix stri
theory side calculations, though the dynamics related to
fermion bilinears has not been completely determined,
compare some of the reported results with ours@24#. As will
be shown in this section, they agree with the bosonic par
our result.

The ten-dimensional supergravity background, cor
sponding to the matrix string theory@4# is the geometry ob-
tained after the following procedure; one begins with t
D0-brane geometry, follows the prescription of Seiberg a
Sen@3# and with the TST-duality chain the same as that u
for obtaining the matrix string theory@8#. In the resulting
background, only the metric is nontrivial. The dilaton is ju
constant and all other supergravity fields are simply zero
we introduce the light-cone coordinates

x65x96x0, ~3.1!

then the background geometry is as follows:

ds25dx1dx21h~dx2!21~dxi !2,

ef5gs , ~3.2!

wherei is the index for the eight-dimensional flat transver
space taking values in 1, . . . ,8 andgs as the string coupling
constant. As an important structure of this geometry,
lightlike directionx2 is compactified with the radiusR, lead-
ing to the DLCQ:

x2;x212pnR, nPZ. ~3.3!

h is the harmonic function in the eight-dimensional tran
verse space spanned byxi and with r 5(xixi)1/2 is given by

h5
4

p

gs
2l s

8

R2

Ns

r 6
, ~3.4!

wherel s is the string scale andNs the light-cone momentum
of the background. In addition to the above backgrou
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geometry, what we need to write down the superstring ac
is the spin connection for the geometry, whose nonvanish
components are given by

v i
05v0

i 5v i
952v9

i 5 1
2 f 21/2] ihdx2,

v9
05v0

95 1
2 f 21] ihdxi , ~3.5!

where we have definedf 511h.
As is well known and shown explicitly in the previou

section, the GS superstring action has worldsheet local
mionic k symmetry, which indicates the doubling of the d
grees of freedom described byu. Our study of the string
dynamics begins with the consideration of fixing the ferm
onic symmetry. Since our basic concern is the supergra
side description of the DLCQ M theory, the light-cone gau
fixing condition is very natural. In the flat background, th
light-cone gauge fixing condition for thek symmetry enables
us to have a greatly simplified action. As we shall see, thi
also the case in the background~3.2!. Thek-symmetry fixing
condition we choose is then

G1u I50. ~3.6!

In order to solve this, the representation for theSO(1,9)
Dirac gamma matrices is in order. The representation we t
in this paper is as follows:

G05 is2
^ 116, G95s3

^ 116, G i5s1
^ g i ,

G65G96G0, ~3.7!

where s ’s are Pauli matrices, and116 is the 16316 unit
matrix. g i are the 16316 symmetric real gamma matrice
satisfying the spin (8) Clifford algebra$g i ,g j%52d i j , which
are actually reducible to the8s18c representation of spin
(8). With this representation, thek-symmetry fixing condi-
tion ~3.6! implies thatu I has the following form:

u I5S c I

2c I D ~3.8!

wherec I is the 16-component Majorana-Weyl spinor.
The gauge condition for thek symmetry now simplifies

the superstring action in the background geometry~3.2! as

S52
1

2E d2sA2g@gmn~]mX11h]mX2!]nX2

1gmn]mXi]nXi18i f 21/2~]mX11h]mX2!

3Pmn,IJ~c I]ncJ!14i f 21/2] ih]mXj]nX2Pmn,IJ

3~c Ig i j cJ!1O~c4!#, ~3.9!

where Eq.~3.8! has been used andPmn,IJ is defined by

Pmn,IJ[
1

2 S gmnd IJ1
emn

A2g
sIJD , ~3.10!
8-6
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which are the projection tensors that project a worldsh
vector into its self-dual (I 5J51) or anti-self-dual (I 5J
52) pieces. For notational convenience, we have set 2pa8
51 in the action~3.9!. We note the overall factorf 21/2 in the
fermion bilinear terms can be made disappear in the ac
simply via the rescaling

c I→ f 1/4c I . ~3.11!

This is possible due to the fact that the Majorana-W
spinorsc I satisfy c Ic I50. In what follows, this rescaling
will be understood.

Having fixed thek symmetry, the action~3.9! still has an
additional local symmetry, the worldsheet diffeomorphis
We fix this symmetry by taking the light-cone gauge. Sin
the diffeomorphism is two parameter symmetry, two con
tions are required. We choose the first to be that the lig
cone timeX1 is proportional to the worldsheet timet. In the
DLCQ framework, since a certain sector of the light-co
momentum, canonical momentum ofX2, is considered, it is
convenient to have constant light-cone momentum indep
dent on the worldvolume spatial coordinates. Thus it is
natural to choose the second condition as constant light-c
momentum. This type of light-cone gauge, the same type
in the case of a flat background, is the one taken in wha
known as the phase-space approach of string quantiza
@10#. The phase space means that we should formulate
system in its phase space because one of the gauge fi
conditions we choose is imposed on a canonical moment
In order to impose our gauge fixing condition, we shou
rewrite the Lagrangian in the phase space, that is, in
first-order form. It should be noted here that we will n
touch the fermionic part, since the canonical momentum
the fermionic coordinate is a constraint, which will be treat
later. We first obtain the canonical momenta of bosonic
ordinates from

P15
]L

]Ẋ2
, P25

]L
]Ẋ1

, Pi5
]L
]Ẋi

,

where the dot means the derivative with respect to the wo
sheet timet. In what follows, the prime will be used for th
derivative with respect to the worldsheet spatial coordin
s. The explicit expressions for the canonical momenta
then as follows:

P152 1
2 A2g@gtt~Ẋ112hẊ2!1gts~X8112hX82!

18ihPtm,IJ~c I]mcJ!14i ] ih]mXj Pmt,IJ~c Ig i j cJ!#

1O~c4!,

P252 1
2 A2g@gttẊ21gtsX8218iPtm,IJ~c I]mcJ!#

1O~c4!,

Pi52A2g@gttẊi1gtsX8 i

22i ] jh]mX2Ptm,IJ~c Ig i j cJ!#1O~c4!. ~3.12!
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From the action~3.9!, the Lagrangian in the first-order form
is then given by

L5Ẋ1P21Ẋ2P11Ẋi Pi14i S ~P12hP2!d IJ

1
1

2
~X811hX82!sIJD ~c I ċJ!1

2

gttA2g
H001

gts

gtt
H01,

~3.13!

where

H005P2~P12hP2!1 1
4 ~Pi !21

1

4
@X82~X811hX82!

1~X8 i !2#12i ~~P12hP2!sIJ1 1
2 ~X811hX82!d IJ!

3~c Ic8J!2 i ] ih~P2~Pjd IJ1X8 j sIJ!

2 1
2 X82~PjsIJ1X8 jd IJ!!~c Ig i j cJ!1O~c4!, ~3.14!

H015P2X811P1X821PiX8 i1 i ~~P12hP2!d IJ

1 1
2 ~X811hX82!sIJ!~c Ic8J!1O~c4!. ~3.15!

In Eq. ~3.13!, the worldsheet metric is nondynamical and
combinations, 1/(gttA2g) and gts/gtt, act as Lagrange
multiplier fields leading to the constraints

H00'0, H01'0, ~3.16!

which are just the Virasoro constraints. As usual, these
able us to determineP2 andX82 in terms of the canonica
pairs of the transverse coordinates, (Xi ,Pi), and the fermi-
onic coordinatesc I .

We now fix the worldsheet diffeomorphism by the ligh
cone gauge alluded to above, which is explicitly given by

X152t, P15p1l 215const ~3.17!

wherel is the range ofs integration, which we set equal t
one (l 51). p1 is the center of mass momentum in theX2

direction and its value is quantized asp15N/R (N is an
integer and means that we are in theN sector of DLCQ!
since theX2 direction is compactified as in Eq.~3.3!. After
imposing this light-cone gauge and the constraints@Eq.
~3.16!# in a strong sense, we are left with the reduced sys
containing only the physical degrees of freedom; (Xi ,Pi), c I

and the canonical pair corresponding to the center-of-m
mode ofX2, (x2,p1).

In the phase space, the dynamics are described by
canonical Hamiltonian. For our light-cone gauge fixed s
tem, it is just the light-cone Hamiltonian and is given by

H5 ẋ2p11E
0

1

ds~Ẋi Pi1ċ I PI2L!522E
0

1

dsP2,

~3.18!

wherePI is the canonical momentum ofc I given by
8-7
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PI5
]L
]ċ I

524i S ~p12hP2!d IJ1
1

2
hX82sIJDcJ1O~c3!.

~3.19!

The detailed form of the Hamiltonian is then

H5
1

2p1E0

1

dsH ~Pi !21~X8 i !21 ic1c812 ic2c82

2
h

4~p1!2
~Pi1X8 i !2~Pj2X8 j !22

ih

4~p1!2

3~Pi2X8 i !2c1c811
i

8~p1!2
] ih~Pk2X8k!2

3~Pj1X8 j !c1g i j c
11

ih

4~p1!2
~Pi1X8 i !2c2c82

1
i

8~p1!2
] ih~Pk1X8k!2~Pj2X8 j !c2g i j c

2

1•••1O~c4!J , ~3.20!

where, in order to make the kinetic term forc I to be of the
canonical form, the following rescaling has been perform

c I→ 1

2A2p1
c I . ~3.21!

The dots in Eq.~3.20! denote the terms of orderO(h2),
which basically correspond to those of higher derivativ
than four. These are beyond our interest, since in the su
gravity side analysis, we are concerned about the terms
responding to the so-called one-loop exactF4 or four-
derivative terms and their superpartners in the low-ene
effective action from the SYM side, which are of linear ord
in h in Eq. ~3.20!. Thus, from now on, we will keep only the
terms up to linear order inh in all expressions in the remain
ing part of this paper.

The Hamiltonian~3.20! shows typical interaction term
between the superstring and the background geometry~3.2!.
The bosonic interaction is the spinless one, and Eq.~3.4! tells
us that it has 1/r 6 behavior. In the SYM side, this type o
behavior can be seen in the perturbative sector of the re
of Ref. @25#. Comparing the result of Ref.@24#, the structure
of the interaction also agrees with that in the SYM sid
more precisely, the matrix string stress tensorT22 in the
weak string coupling limit in that reference. The term pr
portional toc Ig i j c I is the spin-orbit interaction term, whic
has been found and studied also in other compactification
DLCQ M theory @19,20#.

Before closing this section, we obtain the equations
motion forXi andc I by using the Hamiltonian~3.20! as the
time evolution operator, which will be used in the next se
tion. By the way, since we have constraints coming from
momenta ofc I , Eq.~3.19!, we should take them into accoun
first. The constraints are
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F I5PI1
2i

A2p1 S ~p12hP2!d IJ1
1

2
hX82sIJDcJ

'01O~c3!, ~3.22!

where the rescaling~3.21! has been performed. HereP2 and
X82 should be understood as the solutions of the Viras
constraints ~3.16!. Then by using the canonical Poisso
brackets

$Xi~s!,Pj~s8!%PB5d i j d~s2s8!,

$c Ia~s!,PJb~s8!%PB52d IJdabd~s2s8!,
~3.23!

one can show thatF I are in second class and their tim
evolutions give no more constraints. The usual Dirac pro
dure for the constrained system@26# then leads to the Dirac
bracket,$,%D , consistent with the constraints~3.22!. The re-
sulting nonvanishing Dirac brackets are

$Xi~s!,Pj~s8!%D

5d i j d~s2s8!1O~c4!,

$c1a~s!,c1b~s8!%D

52 i S 12
h

4~p1!2
~Pi2X8 i !2D dabd~s2s8!1O~c2!,

$c2a~s!,c2b~s8!%D

52 i S 12
h

4~p1!2
~Pi1X8 i !2D dabd~s2s8!1O~c2!,

$Xi~s!,c Ia~s8!%D

52
h

4~p1!2
~Pid IJ2X8 isIJ!cJad~s2s8!1O~c3!,

$Pi~s!,c1a~s8!%D

5
1

8~p1!2
] ih~Pj2X8 j !2c1ad~s2s8!

1
1

4~p1!2
@h~Pi2X8 i !c1a#~s8!]sd~s2s8!

1O~c3!,

$Pi~s!,c2a~s8!%D

5
1

8~p1!2
] ih~Pj1X8 j !2c2ad~s2s8!

2
1

4~p1!2
@h~Pi1X8 i !c2a#~s8!]sd~s2s8!

1O~c3!. ~3.24!
8-8
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For the Dirac brackets betweenXi and Pi , we have omitted
the terms of orderO(c2) since they are of orderO(h2). The
terms of quadratic order inc in the Dirac brackets betwee
c ’s have not been given due to the fact that, in order
determine them, we need to know the terms of orderO(c3)
in the constraints~3.22! which are supposed to come fro
the not yet determinedO(c4) terms in the Hamiltonian
~3.20!.

Having the Dirac brackets, through the time evolutio
Ẋi5$Xi ,H%D andċ I5$c,H%D , we now get the equations o
motion for Xi andc I as follows:

Ẋi5
1

p1
Pi2

h

2~p1!3
@~Pj !21~X8 j !2#Pi1

h

~p1!3
~PjX8 j !X8 i

2 i
h

2~p1!3
~Pi2X8 i !c1c811 i

h

2~p1!3
~Pi1X8 i !

3c2c821
i

16~p1!3
] jh~Pk2X8k!2c1g j i c1

1
i

8~p1!3
] jh~Pi2X8 i !~Pk1X8k!c1g jkc1

1
i

16~p1!3
] jh~Pk1X8k!2c2g j i c21

i

8~p1!3
] jh

3~Pi1X8 i !~Pk2X8k!c2g jkc21O~c4!, ~3.25!

ċ15
1

p1
c812

h

2~p1!3
~Pi2X8 i !2c812

1

8~p1!3
] ih

3~Pj2X8 j !2~Pi1X8 i !c11
1

8~p1!3
] ih~Pk2X8k!2

3~Pj1X8 j !g i j c11O~c3!,

ċ252
1

p1
c821

h

2~p1!3
~Pi1X8 i !2c822

1

8~p1!3
] ih

3~Pj1X8 j !2~Pi2X8 i !c21
1

8~p1!3
] ih~Pk1X8k!2

3~Pj2X8 j !g i j c21O~c3!. ~3.26!

We would like to note that these equations of motion in
point particle limit, i.e., eliminating the terms involving th
s derivatives, agree with those of the 11-dimensional sup
graviton @7# except for the transverseSO(9) invariance
rather thanSO(8).

IV. SUPERSYMMETRY IN LIGHT-CONE GAUGE

The system described by the light-cone gauge Ham
tonian ~3.20! is supersymmetric. In this section, we inves
gate the supersymmetry transformation rules forXi and c I ,
and the supersymmetry algebra. To begin with, we cons
the supersymmetry preserved by the background geom
~3.2!, which can be seen by looking at the Killing spin
04600
o

s

e

r-

l-

er
try

equation coming from Eq.~2.10! in the background,dhcm
I

50:

Dm~v!h I50.

The solution of this equation shows thath I is of the follow-
ing form:

h I5 f 21/4S e I

e I D , ~4.1!

wheree I are the 16 component constant spinors. Sinceh1

(h2) has ten-dimensional positive~negative! chirality, e1 is
in the representation8c of spin (8) whilee2 is in 8s. Thus we
see that the background geometry~3.2! preserves 16 super
symmetries in total. As shown in the case of the mat
theory @6#, it is this abundance of supersymmetry that is
sponsible for the precise agreement between the SYM,
trix string theory, and the supergravity side calculations
the previous section.

Though they were enough to verify the invariance of s
perstring action in Sec. II A, the supersymmetry transform
tion rules~2.9! do not give us the full supersymmetry stru
ture up to the quadratic order in terms ofu; we need the
transformation rules expanded up tou2 order. They can be
obtained from the results of Ref.@15# through the Kaluza-
Klein reduction, and, for the background geometry~3.2!, are
given by

dhXm5 i ū IGmh I1O~u3!,

dhu I5h I2
i

4
~ ūJGmhJ!vm

rsG rsu
I1O~u4!. ~4.2!

In the light-cone gauge specified in Eqs.~3.6! and ~3.17!,
these become

dhX15dhX2501O~u3!, dhXi5 i ū IG ih I1O~u3!,

dhu I5h I2
i

4
f 21] ih~ ūJG2hJ!G2G iu I

1
i

4
f 21] ih~ ūJG ihJ!u I1O~u4!, ~4.3!

with the supersymmetry parameterh I given by Eq. ~4.1!
which satisfiesG2h I50. However, sinceG1h IÞ0, the
above supersymmetry transformation rules break
k-symmetry fixing condition@Eq. ~3.6!#, that is, G1dhu I

Þ0. This means that we should modify the above trans
mation rules for the correct supersymmetry in the light-co
gauge.6 In order to preserve thek-symmetry fixing condi-
tion, it is natural to use thek transformations for the modi
fication. We may also include the worldsheet diffeomorphi
with parameterz in the modified supersymmetry transform

6This situation has been known in the study of GS superstr
theory in a flat background. See, for example, Chap. 5 of Ref.@27#.
8-9
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tion rules, for the possibility of breakdown of the diffeomo
phism fixing condition, the light-cone gauge, Eq.~3.17!.
Then the modified supersymmetry transformationd is of the
following form:

d5dh1dk1dz , ~4.4!

wherek and z are the functions ofh, i.e., e, to be deter-
mined by the requirement of preserving the light-cone gau

Thek transformation rules, which also have an expans
in terms of u are again obtained from the 11-dimension
results of Ref.@15# through the Kaluza-Klein reduction and
for the background~3.2!, are given by

dkXm5 i k̄1
I Gmu I1O~u3!,

dku I5k1
I 1

i

4
~ ūJGmk1

J !vm
rsG rsu

I1O~u4!, ~4.5!

wherek1 is defined in Eq.~2.20!. In the light-cone gauge
Eqs.~3.6! and ~3.17!, we get

dkX152 i f 21/2hk̄1
I G2u I1O~u3!,

dkX25 i f 21/2k̄1
I G2u I1O~u3!,

dkXi5 i k̄1
I G iu I1O~u3!,

dku I5k1
I 1

i

4 f
] ih~ ūJG2k1

J !G2G iu I

2
i

4 f
] ih~ ūJG ik1

J !u I1O~u4!. ~4.6!

For the superstring case, it is usually convenient to introd

km
I [2 i

A2g

2A2g
PmGk I , ~4.7!

which allows us to view the transformation parameterk as a
worldsheet vector. By using Eqs.~2.21! and~3.10!, it is easy
to show thatkm

1 (km
2 ) satisfies the~anti-! self-dual condition:

k1m5Pmn,11kn
1 , k2m5Pmn,22kn

2 . ~4.8!

Therefore, each of these worldsheet vectors has one inde
dent vector component and hence may be represented a7

k Im52Pmt,IJxJ. ~4.9!

We now turn to the modified supersymmetry transform
tion, Eq. ~4.4!, and investigate it order by order in terms

7Detailed expressions ofk Im in terms ofx I are as follows:

k1t5gttx1, k1s5~gts21/A2g!x1,

k2t5gttx2, k2s5~gts11/A2g!x2.
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the anticommuting coordinates. At the leading order, we fi
consider the transformation ofu,

d (0)u I5dh
(0)u I1dk

(0)u I1z (0)m]mu I , ~4.10!

where the superscript~n! represents that the explicit order o
u ~i.e.,c) is n. To preserve thek-symmetry fixing condition,
this must satisfy

G1d (0)u I5G1~dh
(0)u I1dk

(0)u I !50. ~4.11!

We see that the diffeomorphism parameterz (0)m, which is
zeroth order inu, does not contribute to this consistenc
requirement and may be set to zero. On rewriting Eqs.~4.10!
and ~4.11! in terms ofx I through Eqs.~4.7! and ~4.9!, one
can show without much difficulty thatd (0)u I is given only in
terms ofh I . If we now express the resulting transformatio
d (0)u I in terms of the 16 component spinorsc I and e I by
using Eqs.~3.8! and ~4.1!, we then have

d (0)c15 f 21/4N1ig ie1,

d (0)c25 f 21/4N2ig ie2, ~4.12!

where we have defined

NIi [
gttPt

i 1~gts71/A2g!Ps
i

gttPt
11~gts71/A2g!Ps

1
, ~4.13!

with 7 corresponding toI 51,2 respectively. The abov
transformation rules are the desired results that preserve
k-symmetry fixing condition. Here we would like to not
that, in the process of calculation, it is crucial to recogn
the following identity satisfied for eachI:

NIi NIi 52
gttPt

21~gts71/A2g!Ps
2

gttPt
11~gts71/A2g!Ps

1
. ~4.14!

In fact, the identity~4.14! is nothing but the covariant Vira
soro constraint as can be verified by a direct calculation.
this point, one may worry about the presence of the wor
sheet metric inNIi , about which we have not been concern
so far. However, as we shall see later, an intriguing fact
NIi is that, though the worldsheet metric appears in its d
nition, the resulting expression ofNIi is totally independent
on the worldsheet metric.

Let us now consider the leading-order modified sup
symmetry transformation ofXi , d (1)Xi . In this case, there is
a problem related to the light-cone gaugeX152t, Eq.
~3.17!. The transformationd (1)X1 is given by

d (1)X154i f 21/2h~c Id (0)c I !12z (1)t, ~4.15!

which does not vanish in general and breaks the light-c
gauge fixing condition. In order to recover the light-co
gauge,z (1)t should be chosen such as

z (1)t522i f 21/2h~c Id (0)c I !. ~4.16!
8-10
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Then the transformationd (1)Xi becomes, up to diffeomor
phism in thes direction,

d (1)Xi54i f 21/4c Ig ie I22i f 21/2h~c Id (0)c I !Ẋi1z (1)sX8 i .
~4.17!

Since the spatial componentz (1)s does not appear ind (1)X1

due toX8150 in the light-cone gauge, it remains undete
mined. The requirement of preserving another condition
the light-cone gauge, Eq.~3.17!, is not helpful for specifying
it, sincep1 is constant. As a possible way of determining
we consider the closure of supersymmetry algebra, a p
erty that supersymmetry must satisfy. If we use the leadi
order transformation rules forc I and Xi , Eqs. ~4.12! and
~4.17!, and the equation of motion forXi , Eq. ~3.25!, the
requirement of@de(1)

,de(2)
#Xi5jm]mXi with jm as bilinear

combinations ofe (1) ande (2) , makes us get

z (1)s52i ~p1!21f 21/2hsIJ~c Id (0)cJ!. ~4.18!

Through the same procedure performed at the leading
der, we can obtain the next-to-leading-order corrections
the modified supersymmetry transformation. At this ord
there is no need to consider the corrections to the trans
mation ofXi , since the next-to-leading-order corrections a
of order O(c3) and thus beyond our interest in this pap
The modified supersymmetry transformations ofc I get non-
trivial corrections at the next-to-leading order and they
obtained as

d (2)c15 i f 25/4] ih~c Ig ie I !c1

22i f 25/4~c Id (0)c I !] ihN1 jg jg ic11z (1)m]mc1,

d (2)c25 i f 25/4] ih~c Ig ie I !c2

22i f 25/4~c Id (0)c I !] ihN2 jg jg ic21z (1)m]mc2,

~4.19!

wherez (1)m are given by Eqs.~4.16! and ~4.18!.
Up to the quadratic order inc, we have obtained all the

information for the supersymmetry transformations in t
light-cone gauge. By gathering the order by order results,
full modified supersymmetry transformation rules preserv
the light-cone gauge andk-symmetry fixing conditions, are
given by

dXi5d (1)Xi1O~c3!,

dc I5d (0)c I1d (2)c I1O~c4!. ~4.20!

The detailed form of the above transformations are obtai
by doing the rescalings forc I , Eqs.~3.11! and ~3.21!, using
the equations of motion forXi andc I , Eqs.~3.25! and~3.26!,
and the following expansions forNIi , Eq. ~4.13!:
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to
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e

e
g

d

f 21/2N1i5
1

2p1
~Pi1X8 i !2

1

8~p1!3
~Pj2X8 j !2~Pi1X8 i !

1
i

4~p1!3
h~Pi1X8 i !~c2c82!1

i

8~p1!3

3] jhPkX8k~c1g i j c1!1
i

16~p1!3
] jh~Pi1X8 i !

3~Pkd IJ1X8ksIJ!~c Ig jkcJ!1O~c4!,

f 21/2N2i5
1

2p1
~Pi2X8 i !2

1

8~p1!3
~Pj1X8 j !2~Pi2X8 i !

2
i

4~p1!3
h~Pi2X8 i !~c1c81!2

i

8~p1!3

3] jhPkX8k~c2g i j c2!1
i

16~p1!3
] jh~Pi2X8 i !

3~Pkd IJ1X8ksIJ!~c Ig jkcJ!1O~c4!. ~4.21!

As alluded to before, we see thatNIi does not have the de
pendence on the worldsheet metric. The final expressions

dXi5
2i

A2p1
c Ig ie I2

i

2A2p1~p1!2
h~Pi2X8 i !~Pj1X8 j !

3~c1g je1!2
i

2A2p1~p1!2
h~Pi1X8 i !~Pj2X8 j !

3~c2g je2!1O~c3!,

dc15
2

A2p1
~Pi1X8 i !g ie12

1

2A2p1~p1!2
h~Pj2X8 j !2

3~Pi1X8 i !g ie11
i

A2p1~p1!2
h~Pi1X8 i !

3~c2c82!g ie12
i

A2p1~p1!2
h~Pi2X8 i !

3~c2g ie2!c812
i

2A2p1~p1!2
] ih~PkX8k!

3~c1g i j c1!g je11
i

4A2p1~p1!2
] ih~Pj1X8 j !

3~Pkd IJ1X8ksIJ!~c Ig ikcJ!g je1

2
i

4A2p1~p1!2
] ih~Pj1X8 j !~Pkd IJ1X8ksIJ!

3~c IgkeJ!g jg ic11O~c4!,
8-11
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dc25
2

A2p1
~Pi2X8 i !g ie22

1

2A2p1~p1!2
h~Pj1X8 j !2

3~Pi2X8 i !g ie22
i

A2p1~p1!2
h~Pi2X8 i !

3~c1c81!g ie21
i

A2p1~p1!2
h~Pi1X8 i !

3~c1g ie1!c821
i

2A2p1~p1!2
] ih~PkX8k!

3~c2g i j c2!g je21
i

4A2p1~p1!2
] ih~Pj2X8 j !

3~Pk] IJ1X8ksIJ!~c Ig ikcJ!g je2

2
i

4A2p1~p1!2
] ih~Pj2X8 j !~Pkd IJ1X8ksIJ!

3~c IgkeJ!g jg ic21O~c4!. ~4.22!

Obviously, these supersymmetry transformations are glo
from the worldsheet point of view, since the transformati
parameterse I are constants, while the starting supersymm
try transformations~4.3! are local in target spacetime. If w
set h50 for a moment, the transformations, Eq.~4.22!, are
nothing but those of scalar multiplets of two-dimension
N5(8,8) SYM theory, obtained in the early days of GS s
perstring theory@28#. The interpretation of this is clear in th
context of DLCQ M theory, though it is not so in the origin
GS superstring theory itself. The transformation rules for
case ofh50 are those of matrix string theory at the tr
level corresponding to a free superstring. Theh dependent
terms in Eq.~4.22! are due to the one-loop corrections to t
matrix string theory for the two superstring background.

With the modified supersymmetry transformation ru
~4.22!, it is a straightforward task to investigate the sup
symmetry algebra. Since we have not determined the te
of the orderO(c3) in dXi , it is not possible to check the
supersymmetry algebra forXi to quadratic order in terms o
c. On the contrary,dc I leads to the nontrivial check. By
using theSO(8) Fierz identity for the spinors with the sam
SO(1,9) chiralities,

~cg ie (1)!g
ie (2)5~e (1)e (2)!c2 1

4 ~e (1)g
i j e (2)!g

i j c,
~4.23!

we can show that, up to the equations of motion,

@de(1)
,de(2)

#c I5jm]mc I1O~c3!, ~4.24!

where the worldsheet translation parametersjm are given by

jt54i ~e (1)
1 e (2)

1 1e (1)
2 e (2)

2 !,

js54i ~p1!21~e (1)
1 e (2)

1 2e (1)
2 e (2)

2 !. ~4.25!
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The algebra~4.24! is what we want in the two-dimensiona
theory and corresponds to the anticommutation relation
tween the would-be superchargesQI generating the transfor
mations ~4.22!; $QI ,QJ%}d IJH1sIJP, whereH and P are
the translation generators in two dimensions. Besides the
gebra~4.24!, another thing to be investigated is the sup
symmetry transformation property of the system describ
by the Hamiltonian~3.20!, which is obtained as

de IH501O~c3!. ~4.26!

As usual, this means that the system is supersymmetric
other words, the supercharges are conserved:@QI ,H#50.

V. DISCUSSION

We have studied the light-cone superstring dynamics
the gravitational wave background corresponding to the m
trix string theory and investigated the structure of supersy
metry. This is the supergravity side analysis of the mat
string theory. Basically, because enough of supersymme
preserved by the background, 16 supersymmetries, the
sults on dynamics have agreed with those obtained from
matrix string theory, the SYM side. The supersymme
transformation rules in the light-cone gauge have been id
tified with those of the low-energy one-loop effective acti
of matrix string theory for two superstring backgrounds
weak string coupling. The importance of our results is th
the supersymmetry transformation rules obtained in this
per may provide an alternative approach to determine so
parts of the higher loop corrections to the low-energy eff
tive action of matrix string theory without explicit loop ca
culations. The full expansion of transformation rules, up
16th order in terms of the anticommuting coordinatesc I ,
will give us more information about the dynamics of matr
string theory or the light-cone superstring on the gravi
tional wave background.

In our formulation of the light-cone superstring, we ha
fixed two worldsheet diffeomorphisms by choosing tw
phase-space variablesX1 and P1, the light-cone gauge
~3.17!. An intriguing fact is that the worldsheet metric ha
not appeared in the various final results, and hence we h
not needed to worry about how it is fixed according to t
light-cone gauge. If it had played a role in any way, o
formulation would be quite complicated. It is hard to belie
that this situation is an accident. We expect that the indep
dence on the worldsheet metric also holds in other sup
gravity backgrounds, at least as far as the same kind of
culations done in this paper are concerned.

For supersymmetry in the light-cone gauge, we have
tried to get the conserved superchargesQI after obtaining the
supersymmetry transformation rules~4.22!. This is because
QI generating Eq.~4.22! should have an expansion up to th
orderO(c3), which requires knowledge about the terms
the orderO(c4) in the light-cone Hamiltonian~3.20!. ~Re-
call that the terms of that order in the light-cone Hamiltoni
have not yet been determined.! Furthermore, since the Dira
brackets~3.24! are used to obtain the supersymmetry alge
and the transformation rules, i.e.,d5 i e I$QI , %D , we should
8-12
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know the terms of the orderO(c3) in the constraints~3.22!
to get the Dirac brackets with the expansion up to the
quired order. For the case of the matrix theory, one of
present authors@7# has pointed out that the supercharges
not receive corrections of qubic or possibly higher order
anticommuting coordinates and have the same form as
for the flat case, while the Dirac brackets get corrections
we believe that this is also the case in the present paper
superchargesQI are simply given by

QI5A2~p1!21/2E ds~Pid IJ1X8 isIJ!g icJ.

Indeed, if the Dirac brackets~3.24! are used, these supe
charges generate the leading-order terms of the light-c
supersymmetry transformation rules@Eqs.~4.12! and~4.17!#,
i.e.,d (0)c I andd (1)Xi . It is expected that the full transforma
tion rules of Eq.~4.22! would be generated if the desire
corrections were included in the Dirac brackets~3.24!.
y

s.

uc

s.

tt.

04600
-
e
o

at
If
he

ne

The final point we would like to discuss is that the fo
mulation given in this paper is essentially perturbative
view of the matrix string theory. Off the conformal point, th
matrix string theory has the electric sector that describes
dynamics ofD0-branes. In Ref.@25#, the process of ex-
changingD0-branes between two superstrings in the tra
verse direction has been considered. It is basically the ins
tonlike process, and is thus nonperturbative. On
supergravity side, how to see this process and, more ge
ally, how to extend the present formulation to the off confo
mal regime of the matrix string theory, remains an interest
problem.
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